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ABSTRACT 

. ' This study was undertaken to gain insights * into 
children's understanding of rational numbers as quantities; that is , 
the extent to which they associate a size with. ^fraction like 2/3. 
Eight children in an experimental group in Dekalb, Illinois, chosen 
to reflect the rang*e from low to high ability, were observed during 
30 weeks of experimental instruction during grades 4 and 5. A 
classroom-sized group of 34 middle-ability children in grades 4 and 5 
in Minneapolis simultaneously took part in the. same teaching 
experiment, providing-children wfth manipulate ve-or ientfed 
instruction. Seven interview assessments, each preceded by about .4 
weeks of instruction* were videotaped with each DeKalb child and with 
e^ight Minneapolis children. Written tests' were also given. Data from 
the tfiree fifth-grade assessments-are included in this report. The 
three, tasks are described, and children's reactions are reported in 
detail. They had varying success on the tasks. It appeared that three 
knowledge structures are essential for the development of a 
quantitative understanding of rational number: estimation, fraction 
equivalence, and rational-number order. These structures appeared to 
develop somewhat independently, but need to be » coordinated for 
success with rational' number situations. (MNS) 
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Children's quantitative notion 



CHILDREN'S QUANTITATIVE NOTION^ OF „ RATIONAL 



NUMBER 



This study u^as undertaken to Qaj n i n s i Qh t s into children's 
understand) nci of rat i onal numbers as quan t i t i es , that is, the 
extent to which children associate a size with «a -fraction like. 
2/3 or 4/«6 which represent* a '.positive) rational number. The aim 
was to identify levels o-f children's conceptions and misconcep- 
tions about rational number. size that are observable across <a 
variety o-f task situations. ■ " • 
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1 . INTRODUCTION 



1 y l Itte issue 



• _While schools put * emphasi s tin children's acquisition of 

$ * ■ * 

-fraction algorithms, that is, on ".how to. operate' wi th fractions as 
numbers', there is indication that a vast majority of children 
a'cross grade levels have poor understands ng of the number cortcept 
of fractions (see an earlie^r discussion in Behr £i 3l , Note 2> . A 
good understand i rag of fraction size, however, seems i mpor tan t-* not 
only kn the context of fraction operations, but al£o in a variety 
of contexts i r>c lud i ng\the number ljne and ratio and proportion. 
Insights into children's djfficuljties with a, quantitative notion 

. * A 

of rational number thus would be relevant in a larger context 
than only for computation. . v 

1.2 Itte ajifiaoacti ^±ak.^XL ia ±his s±udx 

The task of assessing children's quantitative understanding 

» 

of * rational numbers appears^to be difficult. This" i s v true 

« >* J 

because a quantitative notion evolves from, * and is relevant for, 

numerous .and diver se situations. .Clearly, .since, a (positive) 

< 

rational number can*be characterized as the property -.common to 

all fractions in an equivalence class, an assessment pf 

children's notion of fraction- aauiuaieaca would contribute to 

♦ • 

insights into their quantitative conception t)f rational number.* 
Other situations relevant to the number conception would include. 
Qcdec. o-f fractions (as representatives o-f positive rational 
numbers), and* £3J^ioLaJ:lL£)jD ; for example, an estimate of the 
location of a fraction on the number,, line,, or, an estimate of th£ 
outcome of >an operation with fractions, requires tha£ a size is 
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as^spc i ated wi th a f rac t i on, symbol . 

Oversimpt if ied, the under lyi ng assumption in the present 

study was the following: Chi Idnen who do not .have a-* well- 

intern al'i zed, stable concep t i on *o-f -fractions as numbers, can be 

expected to exhibit, substantial di -f-ferences i<n their performance 

*• * 'tit 

acras-s . a s£i a£ i^sks ±h*± uzcx ih£ cnnl&xl la which Ihe. numbta 

tanc&pl ix£ irariicu is" iuuxxLvisd . That is, the observations maide 

about the number concept for a particular individual across tasks 

would be expected to be i nconsi s ten-t . On the contrary, children 

who'do have, a-well'-i nternal i zed, stable conception o-f -fractions 

as numbers can be expected Jo exhibit consistent success across 

such tasks. 'The- approach taken toobtain insights into what 

cognitive structures are required -for an individual to exhibit 

con-sistent success with di-f-ferent* task situations, and what 

component* can be identified as important precursors of such 

cognitive - structures,- was to look at subject performance on a 

variation of tasks. v 



2% THE STUDY 

The present study was conducted by the Rational Number 
Project during 1982-83 (Be'hr b± , 1980). The Rational Number 
Project is a mult i -site effort funded by NSF from 197? through 
1983, One, focus of m the, pr oj ec t is to assess the development of 
•the number concept of fraction ir% children, * 

2. i Suhiacls — - ■ 

Subjects in- this i nues t i gat i on were e i gh t children in an 
experimental' group in DeKalb, Illinoi.s, that were chosen to 
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.reflect the full range from high through low ability and ,were 
continually observed throughout 38 weeks of experimental instruc- 
*ticm during their ,4th and 5th grade. In addition* a classroom 
sj^e group of 34 4-th/5-th, gr ade children took part, in the same 

'teaching experiment conducted simultaneously at the Minneapolis 

site. This class consisted of a more or 1 ess\ homogeneous group 

: r 
of middle ability children. 



/The 



r 



4 * 

teaching experiment provided children with manipulative- 

• - --_„•*" 

c^riented theory-based instruction (Behr, ai al, 1988). At the 

time of the assessments from which data wehe taken for this study 

x ■ ■ * • ' » 

* the children had dealt with the following manipulative aids: 

• Colored fractional parts of circular, and rectangular models, 

% > - 

* 9 * - » • 

paper 5 f"ol d i ng , centimeter rods, a discrete model using counting 

chips', and the number line. Based on the multiple-embodiment 

principle (Dienes, 1971), instruction had included the* r at i onasJ 

number constructs of ? par t-whol e , quotient, measure, and ratio. 

Students had learned to translate between different physical 

representations and between different modes of representation. 

They had associated fraction symbols and symbql i o rat i onal -number 

operations and relational sentences with embodiment displays. In 

9 some* 1 essons n.ear the assessments relevant for the present study,* 

class activity included that children were given a fraction for 

which they in turn were to g i v.e fractions that were successively 

» 

c 1 oser . 

• 2.3 6ssjessm£iii3 

f * * • 

Seven major (video-taped) interview assessments, each pre- 
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ceded by about 4 week's of instruction, were given on a one -on -one" 
basis tp all subjects, in the" DeKalb group, and to 8 of the 34 
subjects in the Mi nneapol i s. group i - In addition, written tests 
were gLven* i-o all subjects in both experimental groups at* each 
time an interview assessment was scheduled. The first four 
assessments <I-IV> were administered during children's 4-th 
grade, and. the other three (V-UII) during children's 5-th grade. 
The "data relevant for the present study were gathered during, 
these last three assessments. Additional supportive data are 
available frorn^ classroom observations made on a daily basis 
throughout the teaching experiment. 

2.4 lasts ■ * * 

Three specific tasks'were utilized to obtain an across-task 
assessment of individual subjects' performance in situations, 
involving a quantitative understanding of fractions. * 

2.4.1 Est imate-tKe-sum task 

The first c^f two different versions of this task consisted, 
of numeral cards on which the whol.e numbers 1,3,4,5,6,7 were 
written and a form board as showh in Figure i? 



n n 9 et > a 

±± + ±=i- closest: I 

□ □ to • 



' Fi gure 1 

'The second version used- the same, form board but numeral cards 

with the following numbers; 11,3,4,5,6,7. Version 1 4 was 

* to * 

presentecj- as part of Assessment V, >nd *both versions were 
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• ** * \ 

presented blur i r>g Assessment In each case, subjects -were 

* n c • , -* 

.directed to "put number cards inside the boxes_to make fractions 
so that when, you add them the answer* is close to one* as 
possible, but not equal to one." To discourage the use. of 
computational algorithms, subjec ts # were encouraged to estimate, 

and a time limit of one minute was imposed on the task, Aftf*r 

\ * * * 

completing the task subjects were, asked to "tell" me how ..you 

thought in solving this probl em. *- '* 

2.4.2 DARTS ' >, * . . 

The DARTS tasks were set up as a\>ideo game r on an* APPLE II 

computer (Appl e* Computer ,197?) and were presented 'as part of 

Assessment VI . Each screen in the game^cons i sted of a vertical 

# ♦ 
number line with randomly generated begin and end marks— and a 

further mark at some point jon the number line. * At three' Random 

positions balloons were attached to the number line. The task 

* V 

was to pop the balloons by keying in a fraction or a mixed number 
to shoot a dart at the-, correspond! ng locatfon on the number line. 
a' sample task Vs shown in Figure 2. 

3 1 



O 

o * 

o 



4 



Fiqure 2 



. 1 J " * 

The number linfes generated by the DARTS program by^random choice 
consisted of one or more -units. , Presented- to each subject was a 
sequence of three screens. Recorded were the subjects' attempts 
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* a 



to'ppp the ba1 1 oons 'and the unstructured di al og^ be tween intervie- 

« 

wer apd ' spbject. Su-bj ec ts 0 were encouraged to "think a!oud* 
throughout^ the game. ** • iV .* * * 



2,4.3 6r ay-levels tasK 

The gra^-1 evel s task was a complex problem-solving task "that 
was given in the final assessment (VI I ) .^ Subjects were presented 
& gray-level scale that^showed 1 f di st i ncft^gray f ev*1 s- i ncreasi ng 
in darkness from VA (white) 'to 1087. (black) in steps of 10/.. ' 
Subjects were then given "12 fraction cards with the* fractions 
8/29, l/5„, 2/7, "6/28, 2/5, 4/18, 6/15,-2/4,-4/8, 4/6 f 6/9, and 

12/15. These fractions were to be understood as representing 

*• , n 

concentrations of-mixtures consisting of black ink and water in a 

way previously explained to the" subject (e.g., 2/4 means "2, of 4 

parts is black ink" which* results in a mixture that iso^'two- 

fourths 'dark"). The, t'ask was to order the fraction cards frorh 

lightest to , darkest and put each at a correspondihg gray level in 

the scale; permitted was p % l acemen t » be tween two gray levels *to 

* 

allow fc^ finer d User i m i nati. on . The correct placement o-f all , i-2 
cards is shown in Figure 3. 

, o to , 20 , 30 , go , SO , 60 , 70 , 80 j 10 '\ 100%. 

0 . X J: 2L A 4. Mr 

To • 5 7 S ' t fc Is 

i. it fi. k 
* ^ • Figure 3 

Recorded were ^the subjects'' placement of cards along th£ gray- 
level scale, and anecdotal data from observations during the 
problem-solving process and from follow-up quest ion^i x . 
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• > . i, 

* • . • . ■» 

3. DICUSSldKl AND RESULTS OF THE SPECIFIC TASKS 

The key idea in thjs task was that., the children were ma^j? to 

think in ranges rather than confuting unique answers' 1 *bx Us i ng 

"fraction alogrithms. Because, of the imposed time constrain t'J 

al -and-errdr^ methods in the sense of choosing any two fracr- 

«t:ons o and working but the addition al por I thm- wou 1 d not have been 

successful". Th'e children were informed accordingly: r "You won't 

f * * 

have time to t work out<.the addition. What you have to do is think' 

about how big each fraction is and then thipk about how big the 

i ■ 

* A 

answer will be." In the first version of the task it was posstb- 

le" to make "exactJy 1 <4/6 + 1/3); Some subjects soon found thPs 

solution'. But the difficulty imposed by the second constraint, 

to get close ±q, bu± aa± exacilx to 1, required that the subjects 

really ( were to deal with the number size of fractions. For 

* * * 

example, if 1/3 cannot be added on to 4/6, then a judgement is. to 

ft 

•be made as to what can replace 1/3, <l/5?* 1/7?, 3/7? ... ) so 
that the result of the" addi t i on- st i 1 1 is approximately 1 .\ Gonse- 
quently, it was expected that subjects who had* a , good notion .of 
rat i onal -numbe'r size would succeed in this tas t kr, whereas* £ubjec ts 
lacking such a quantitative notion would exhibit considerable 

dif f icul ty> % • ■ , 

t> 

Table 1 gives the percentage' dev i at i ons of th-e sum from 1 
for" Task I and Task ,1 1 . The percentage deviations from 1. of 
constructed responses varied from- 2.38 percent to 285.71 percent 
with -an overal 1 ~aver a,ge percentage deviation over all subjects on 
all tasks of 42.36, percent . - 
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^able l. Over^Vl "peM.ormanCe on the JEst-imat-e^the-sum .task • 
• t» " SUBJECT' * d ' < d- . * • /" . d ' " d ■' • ' 
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Based on the* explanations wh i-ch children gave about how they 

solved the tasks, the responses were partitioned in 4 categories 

plus an "other" category. The categor i es together "wi th a descrip- 

tion of the responses in that' category and one or more, subject 

* * 

responses to exemplify the category are giyen. v Th,e responses* indi- 

■ * •» 

cate .the type of thinking and the cogn \ t i ve struc^es the sub- 
jects exhibited in responding to the tasks. > * 

CATEGORY ER . <Estim<^te by correct comparison to a standard* 
Reference, poi.n t) . Response Explanations in th i s, category indicate 
a successful attempt to estimate the constructed rational number 
sum by using one-half or*, one as a point of reference. The sponta- 
neous use of f r act i on* equ i val ence and rational number order is 
evident in the subject's response. v 
•BERT: tUsing i 3 4 5 *6 7, constructed 5/4 + 1/73 ..... well 
uh, ... five ... f i cee-si xths [pointing to 5/63 is one piece 
away from the' unit, and a seventh" is ju st * little bit 
smaller,, sfo that could fit then* <i.e., between 5/6 and 1). 
KRI SjTY s [From '11 3 4 5 i 7, constructs 6/11 + 3/7 and 
changes to 5/11 + 3/73 ... Well five and a half is half of 
eleven Cpoi nt i ng 4 to' 5/1 1 3 and [pointing to' '3/73 "three and a' 

half is h*a-l.f of seven, so it would be one <i.e., on4 what Is 

* • * * 

not clear) away" from ... (and I changed 6/11. to 5/11) ... 

- .because [pointing to 6/LKl that would a be a little more 

and that's [pointing to 3/7T is less than one <-haW) . . '. 
/ . - ■ - 

I" was afraid they'd get exactly on> . <Reca11 the di.rectfon 

♦ * . * 

to get rlos£ to one.) 4 ' 4 

BERT: [From 11 3 4 5 6,7 makes 3/6 + 5/11. 3* ... Three. 
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sixths is half a unit, and . • • if it uJas f i ve and ' a-hal f- 
eleventjs CPointipg ic 5/113, that would be half; and a-hal f 
(i.e., one-hal f -e 1 evenths). would be very thin. 
CATEGORY MC (Mental a Igor i thmi c Computat i on) . Response 



T 

.«* r i * \ • % 

did mental computation to carry put a cgrr'ect . standard algorithm 



explanations placed in this category indicate that the subject 



(e.g. common denominator) - to determine the actual sum <bf the 
generated fractions. The spontaneous use of fraction equivalence 
and rational number order is evident in the subject's thinking. 
KRISTY: [Usirfg 1 3 4 5 6 7, makes D/3 +(J/4, then changes 
to 1-/3 + 4/53 ... If you fijdthe common denominator, twel- 
ve; but and then four times one wdu<l.d* be f our [explain- 
ing the change bf LI/4 to 4/53, but then three times .... I 
didn't have a two or anything (among the number cards given 
'and remaining) and I used" up my^-three so ... C Observe what 
Kristy is apparently doing: 1/3 is equ i val ent *to 4/12. How 
f many more twelfths to get close to one? /This is determined 
from !' 1/4 or 3D/12, .so realizfng that she has only 5,/ ,6, 
or 7 to choose for the box, each of which gives too many 

v t 

twelfths, she, changes the denominator to 5 and now must *do 
the same type of thinking with fifteenths.) 
^ CATEGORY ERI (Estimate by Incorrect, gross, or uncertain 
comparison tb a standard Reference point).. Response explanations 
placed in this category indicate that the subject attempted to 
^estimate the* construe ted rational number sum by using one-half or 

• . " \ 

one as a. point of reference. Little or .constp*i neb understanding 

• • , t* 

6f fraction equivalence and rational number order is evident in 

the subjects thinking. " . 

# 

• 1,3- 
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V 

JESSIE: [From 11 3 4.5 6 7 makes 11/3 + 4/7, but during 
discission after reading 11/3 as three-elevenths, changes tp 
3/11 '+ 4/7] ... (Is this close to one?) ... I think so, 
you take .three of eleven things, that's less than a half and 
take four out or seven things, it's <i.e., 4/7) mqre than a 
half, I think so ... . — " " 

MACK: [From 1 3 4 0 5 6 7 makes 5/6 + 3/43 I* just thought 

S l * 

about-equivalent fractions ... like ... wait ... like you 

r 

take closest to' one you can get*, three-f ou r i.hs 'cause it's 
only one (i.e. one-fourth) away <from 1), and the same with, 
this one C pointing to 5/6 ]. 
MACK: "[From 11 3 4 5 6 7 makes A/6 + 3/73 ... Well 
[pointing" to 4/6] it had two (-sixths) to get ... it .would 
take two ... uh .... to equal one and I thought [pointing to 
3/53 and this takes two (-fifths) ... to get to oqe- . . and 
the less th'ey (difference between each fraction addend and 
1) are the greater they'd be (fraction addends), so I said 
(the- sum) would be a little bit less (than one) ... [pause] 
. ♦ . a little bit morp than one . * 1 

CATEGORY MCI (Mental algorithmic Computation based on Incor- 

* . *» 

rect alogrithm).' Responses in this category indicate that the 
subject used mental computation based .on an incorrect algorithm 
to compute the actual sum. 

Ted: [From 1 3 4 5 6 7 makes 5/6 + 4/7] ... Well first I 
thought, I tried to figure out what would come closest to 
one and I found out that, f 1 ve-si x ths and four-sevenths would 
come the closest ... 'cause I used the top number . .". (If I 
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" added them) nine-thirteenths. * 
JESSIE: [From 1 3 4 5 6 7 makes 3/7 + 4/63 ... Three plus 

•four is seven and that's [pointing to 7 and* 63 thirteen; it 

**». 

would be one-thirteenth close to one. 
JEANNIE: [From 1 3 4 ,5 6 7 makes 6/7 +• 4/3, changes to *6/7 
+ 3/13 ... th i s ( , [poi nt i ng to 6 and 33 would be 9 and this 



[pointing to 7 and 13 would be 8; that's [pointing to 83~lfte~ 
whole and this (?) is one after it„.(i.e., 1 greater), so 
it's (i.e. 9/8) close, but* ndt right on the dot- • 



V 0 . 

CATEGORY G (Gross estimate) Response explanations placed in 
this" category suggest that the subject made a q;oss -est imate of 

each rat i onal -number addend', but did not -make a comparison to a 

* * ? 

standard reference point, and did not use -fraction equivalence or 
rat i onal -number orderinq. 

TED: [From 1 3 4 5 6 7, make*>-3/ll +'4/7j.-... the same 
thing I wanted to use up the little pieces -for the top 



... then use the highest number o-f pieces -for^ the bottom 
Wei 1 f i-f I ever- thought i f it was equal , . or .one's 1 e,ss or 
greater and stuff*, I always have to be greater than the top 
number . t 



Discussion 

*% * T 

r 

The children in the experimental classes h.ad received some<< 
instructions on estimation o-f whole-number sums by rounding, but 
no -formal instruction on strategies that might be used in estima- * 
ting the sum o-f tt^o rat i onal -number addends.* The ch i 1 dren had 
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$ 

c 

received extensive experience with rational number order and 
equivalence. The level of understanding about order and equiva- 
lence of fractions and rational numbers exhibited by- th^se chil- 
dren in tasks limited specifically to. these concepts wi 1J be 
available in a forthcoming paper (Post e± al, Note 3)% 

Children who displayed a spontaneous use of fraction equiva- 
lence and order concepts < i . e . v those whose responses appeared 



in Categories ER and MC) display the highest performance on these 
estimation tasks As measured by the deviation of the constructed 
sum from 1. Responses categorized in Category ER had an average 



deviation of 2%?8 percent, trose in ~CcCt^g~ory~M 6^ — -1-4-r-l-S — p-e-^c-en-t- 



and the percentage across Categor i es ER *and MC was «6.28 percent. 
For responses" categorized in Category^ERI which indicated -little 
or .a constrained understanding and^app 1 i catN^n of order and 
equivalence concepts, "the average deviation of responses w*£ 
24. £8 percent. The average deviation of responses which exhi- 
bited some spontaneous understanding of fraction order and equi- 
valence concepts, i.e., response^ in Categ6ries ER, MC, and ERI 

was 16,11 percent. This is contrasted to the average deviation 

* 

of responses in categories other than ER, MC, and ERI < ose i n 
whuch concepts of order aftd equivalence were not applied, which 
was 67.55 percent. 

While one must be careful about broad gene^aH za ti ons given 
the small ,sample sizes, it is useful, to make some observations 



about the cognitive structures of children who exhibited Category 
ER and MC responses as compared to cognitive structures of cbil- 
"** dren whose reponses fall in other categories.' Bert (see the. 

first and third subject; responses in Category ER above) exhibits 

« w 
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considerable imagual memory. There is evidence in his explana- 
tion ( i .,e • , "is one' $±&££ away", "so that coujd ill . . . " "one- 
hal f-el even ths would be very ihln") which suggests that this 
child imagines episodic experiences associated with the manipula- 
tive b^sed instruction. Moreover, he. exhibits, in his ability to 
associate the oral symbols -for Mathematical entities < "JLum- . 



sxxths is one p.lace away ...") with the imagual units, the abili- 
ty td translate between ideas expressed vJ a man i pu 1 at i ves to 
ideas expressed in oral and written mathematics symbolism. This 
^Amp qhild <,see the third response i n Category ER> has , in add i - 



tion, excellent ability -for spontaneous application of fraction 
order and equivalency concepts, » 

An example of*Kri£ty's ability to store a long sequence <$$ J 
memory un i t s 'togp ther with tremendous »mervtal symbol manipulations 
capabi 1 i ty i s evidenced in her response given for , Category ER. 
She also displays considerable imagual memory for symbolic man i - 

\ 

pulatidhs. * It appears that she has excel lent . abi 1 i ty *t.o "pre- 
view" an entire algorithm sequence. The order of events in the 
algorithm are obviously, automatized so .that her memory load 
needs to deal onlywith numerical entries of the algorithm while 
the process is automatic. 

Jeannfe '"gave Category MCI and "other" > responses. This 

% t 

0 

child was chosen to participate in the experimental group to 



represent someivhat the lower segment of high ach i ev i ng ch i 1 dr en . 
During the ^teaching experiment participant-observers on numerous 
occasions observed fhat she showed reluctance to work with mani- 
pulative aids, -frequently short-cutting such activity, and seek- 

ERIC " . . 17 
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) 

"tng the algorithm or rule to obtain answer^, One might , conjec- 
ture that her concepts of order*and equivalence, rather than 
abstracted from man i pu 1 at i ves is more likely based on given or 
sel f -gen era ted rules or procedures, 

Ted (see Category G) displaced a ve'ry gross method of esti- 
mat i ng f r ac 1 1 on size. . He seemed f i rm in his understanding that 

fractions with denominators greater than their numerators have a 

— \ 

val ue 1 §ss than one • He apparen f 1 y general i^zed th i ^ i ncorrec 1 1 y 

to "believe that the sum of two fractions, both of\ this form, 

would be less than "one. 

Aqa i n we observe i n many of the students the inability to 



use concepts of order and equivalence in an applicatio^ type of 
task. Data from a forthcoming paper will ?>how that most of these 
children were q'uite capable with symbolic order and equivalence 
tasks in a setting for which the question was for two given 
fraction's, are they eaual or is one less (Post, Behr, and 
Wachsmuth, NoU, 3). Further elaboration of the results, of the 
Est i mate-the-sum study will be presented in (Behr and Wachsmuth, 
Note 1) . 
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3.2 DARTS • 

The DARTS game i.s a nice task to assess children's quantita- 
tive notion of rational 1 number s?r>ce it offers a challenging 
situation that requires asso,c i at i ons of~ ^frac t i ons and mixed num^ 
bers with points on a (vertical) number .line, that 4 s, the size 
of a rat i onal* number is*embodied in a length. . (The unit sTze^ 
randomly varied from screen to screen so memorization of the unit 
size was unlikely.) If a subject's attempt at popping a balloon" 
was unsuccessful, the actual location of the attempted rational 
number was displayed on the screen as a label at v the number line. 
That is, an immediate feed-b^ck to an attempt wars given. As 
almost always a subject's next attempt would build on this feed- 
back, the DARTS task is a powerful means for eliciting behavior 
that gives insights into the cognitive s true tdres acqu i red by the 
individual subjects about National numbers. 

Presented in this section are selected segments of episodes 
in which children were responding to the micro-compu ter-presen ted 
tasks and the interviewer's questions-. The episodes were selected 
to exemp 1 i f y d i f f eren t 1 ev.e 1 s of children's thinking in the 
context of r'ational number order and fraction equivalence.* 

The first episode involves Kristy after "she was presented, 
with the number line: <5, 5 1/9, 5 1/3 , 5 5/3, 5 4/5, 8), that' 
is, a 5 - 8 number line with a further label at "5 1/3, and 



9 
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balloons attached at (non-labeled!) points 5 1/9, 5 5/8, and- 
5 4/5. Especially notable about Krjsty's thinking in this ex- 
cerpt i s the f 1 exi bt li:ty^w^h^ ~and ^ut^omafcrc^genera^ftorr -of -equ i- 
valent fractions. It appears that when Kristy thinks of a frac- 

19 
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1 1 on she is aware of an unlimited set of equivalent -fractions and 
is able to think about a. number o-f them automatically. In some 
cases she gives evidence, especially With pauses in the explana- 
tions, that she is using some computation* to generate an equiva- 
lent -fraction. She appears to be completely com-fortable in this 
excerpt to use different -fraction names -for the same^point on 'the 
number lifte. She uses equivalent -fractions to move the number 
line within se 1 f -spec i -f i ed bounds . 

V. 

\\ 

KRJ^TY^ Oh boy, that's one-third [iterates the distance -from 5 to 
5 f/3\along the number line] and that [pointing to the 
balloon at 5^5/8J^would be -five and two-thirds <Th*. dart i£ 
projected and. misses) r^tT^k-un^^a^ a^t th'<? same balloon] 
... about 5 3/6. t 
INTERVIEWER: How did you think to come up with five and three- 
sixths? 

KRISTY ...-Well, I thougft' i t (pointing to 5 2/3^on the number 
lin.e] would be equal to -four-sixths; and then, you want it 
to be lower <but) I didn't want' to take a th i rd ' 1 pwer < d*r t 
misses) ... Ok, -five and two-thirds is equal to ... six- 
ninths . '.I'm going to'take it <i.e. 2/3) equal., to 
e i ght-twel -f ths, then how about seven-twelfths < i>e. 5 7/12 
for the next shot) because, that's a Ii±±±£ bl± liss <than 
• 2/3) tshot mi sses] . OI5 , two (7th i rds) i s equal to ... ten 



ten r f i f teenths and so nine-fifteenths < i .ev for the next 
shot) [shot h'i tsr bal loon at 5 5/8] • 
ifc:t~ thrrs -pnortrrt 5 3/6x7" 'among— ot-her—f r-ac-t-i-ons-, — i-s-marvked on — the 
number line.' 
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w > 

KRI STY 5 [Takes aifh at the balloon at, 5 1/9 By 'Herat i ng the 
distance from 5 to 5 1/9 up to 5 3/63 That [poiniing to the 
balloon at 5 1/93 will be f i ve« and 6ne-e i gh th because 
that [pointing to 5 3/63 was one-half and that took about 
four (i.e. i ter at i ons „of the distance from 5 to 5 1/9) to 
.qet there, so that would-be eight all.* across. 

The next episode involves Berfat screen <1> 1 1/3, 1 1Z2, 
1 3/5, 1 3/4, 2). Beet had made shots <1 3/5;. 2), ~<1 "3/4, 



1 2/3), <1 1/3, 1 2/6)* (popped baUodnTs indicated by *) and 
was taking aim at the balloon at 1 3/5 and he explairis: / 

BERT: One and two-thirds, is more than one and two-si x«ths ' 

['points to the bal Ipon at r 3/53. What* s between vhalf 
[using the fixed point 1 1/21 and " two-th i r ds , i t'd* be one 
and three-fifths. 

Bert gave no overt indication of how he -ar r i ved at the fact that" 
1 3/5 is between 1 1/2 anc| 1 2/3. Since he earlier referred to 
2/6, one conjecture is that he thought of 1/2 as 3/6* and then 

chose 3/5 because it is greater than 3/6. * 

— • ♦ 

\ — , 

Tfjx^next episode also inoolves Bert; he was presented with 
screen <l,Vl 1/5, 1- 1Z3-, ' 1 l/<2, " 1 3/4, 2). The following 
shots had been Jh^de <1 1/5, 1 1/6)*, <1 1/2, 1 3/5)*. We noted in 
the above that BertXas Kristy, makes spontaneous use of equiva- 
lent fractions;, he also displays a good application of fraction— 
orde,r * to the number 1 i ne^v Bert seems t^o.haye order on the 
number Hrre clearly assoc i ated wj th the order of .fractions via 



symbol ic interpretations. 
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* t 
In t.he very next episode we get a, feel for Ber t ' s 'sense of 

rational number size; ig the* ep i sode .he orders three fractions 

after indicating that one of them i s Jjjs± jDiijec (i.e., just a 

* « 

lfttle more) than the lfcast of the three wh i 1 e, another one is 
coon^ (i.e., mosia thcan the li±±i^ mane) * In the ,excerpt that 
f ol Lows we observe his strong imagual base for. his* fraction 
concept. This' is evident throuqh the imaqual lanquage (i.e., 

I * 

* * ■ 

pieces are smaller). • 

BERT: [Taking aim at the balloon at 1 1/23... something between- 

« 

one-third <i.e. 1 1/3) and one and t-hree-f i f ths ...one and 



3-f ifths is ins! jDiijac one and 'one-half <and two-thirds is 
mac* than a half, so un... one and three-sixths, same as 



f one and one-hal f . 6 



Next Bert measures on the nurnber line, since 1 1/6 has been 
marked on the number line he iterates- the distance from 1 to 1 

1/6 up the number line and finds that 1 x 5/6 takers him above the 

> * * *, „ 

target... % # * \ 

BERT s .1 t couldn't be one and five-sixths; one ar^d> f i ve-seven ths. 
INTERVIEWER: Tell me how you "chose one and five-sevenths. 
BERT: ... Sincfe the pieces' are smaHer ... one. and five-sevenths 
* would be a Jittle more down (i.e. than 1 5/6). 

In Jessie we see<a level of functioning with the concept 
of fraction equivalence which ^mighjt be called latitat. We say that 

rs 

Jessie',s *1 evel of think ing wi th respect to f racti on y equi val ence 
is latent because her use , generation, and recognition of equi- 



valent fractions .occurs only after she is prompted by some "exten- 

* • * » 

V 
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nal source such as the interviewer or the computer^* screen to 
consider equivalent -fractions. The -following protocol deaTs WTttf 
D^RTS screen <3, 3 1/9, 3.3/8, 3 1Z2, 3 3/5, 4> . — \ 

JESSIE: .[Aims at the balloon «*t 3 1/9, shoots <3 1/9, 3 3/6)3, . 

.INTERVIEWER: [A-fter, the 3 3/6-dart hits and Jessie can observe 

/'•«.. 

that 3 3/6 hits the same po4nt sis 3 1/23 What can you say-' 
'*' about this <3 3/<S>? / . ■ , 

JESSIE: It's equal to three and one-half. ... [Indicates shofc <3~ 
1/9, 3 2/3) ] . • 



• % • • 



INTERVIEWER: [Points to 3 1/3. and balloon at 3 1/93 Can'you name 

* v. 

a mixed number less than three and one-third? 
JESSIE; Three and , .. three and two—fourths. • . 

INTERVIEWER: That would be below three and one-third?. 

** ■ • • 

* ^ > . * * 

JESSIE: Wait ... wait, three and one-f our th v . , , wait three and 

# t 

one-seventh [laughs]. * 4 • . , 

INTERVIEWER: Why do you say three and on«~s*venth? 

JESSIE: Becaus.e the pieces are smaller. CShot <3 1/9, 3 A/7h 

misses above the target]" [Indicates <3, 1/9, 3 2/4) -as 'the 

* * * 

next shot.] 

* 

INTERVIEWER: Where do you think, it u/i 1 1 go? 

JESSIE: [Points* to the balloon at 3 1/93 Rl^ght there. [Shot 
misses and records 3 2/4 at same point wl.th 3 1/2 and • 3 
3/63 . . / ^ 

INTERVIEWER: Why do you think it hit' -the" same point as three 
and one-hal.f? * ' 

* • 

JESSIE: 'cause they are equal . 



.23 
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Jeremy shows behavior which suggests a level of thinking on 

fraction equivalence which would be classified as latent. More- 

over, we observe in Jeremy a weak concept of fraction order; he 

is very doubtful about the order of 1/2 and 4/13. The screen 

display is <0, 2/5, 2/3, 4/5, 1, 2> . The f ol 1 ow i ng~ep i sode 

begins after Jeremy has made these three shots <2/5, 2/5)*, (2/3, 

3/19>V <2/3, ?/15>*. " - % ' 

JEREMY: [Takes aim at balloon at 4/53* one hundred-nineteenths. 
INTERVIEWER: • I'can't key that in, will i t be above 3 or below i?' 
JEREMY: Above. [Indicates next shot] Twelve- twer?ty-f if ths • 
INTERVIEWER: Oh, I cannot use that. . 
JEREMY: Si*-tweHths. 

INTERVIEWER: CA-fter shot hits and franks the same spot as 1/2] 

. Why will six-twelfths go t.hrough the one-half? 

J.EREMY: • One-half,. . two-fourths, six ... (twelfths) ... 

C Shoots,* (4/5, 6/12), <4/5j 4/9), <4/5, 6/l'8>, (4/5, i/2) , 

then suggests (4/5, 4/13)1. 
INTERVIEWER: Would this C4/13) be more or 1 e,ss than .one-hal f ? 
JEREMY: It would be a little bit more, I have the feeling, I 

hope, wait •.. wait, wait, wai.t; f iMe-tht~teenths (shot 

mi sses) . 

* * 

* 

» 

V 

In the following episode Mack displays his ability to apply 
concepts of fraction ordering as it relates to a quantitative 
concept, of rational number. The task dealt with the ^following 
.screen: (1, 1 2Z5, 1 2/3, 1 8/9, 2 1/3, 3); the following sho'ts 
had been made (1 2/3,1 4/5), (1 2/3, 1 3/5>*, <1 8/*, 2> when the 

- i . 24* 
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following took place: ' . 

4 . * . 

INTERVIEWER? You have to get cl oser, to* two.. 

MACK: I know,. . *. wait . . one and ... seven-eights. > 1 

INTERVIEWER: Why did, you say ... " - . 

MACK: • I, thought, it's got to "be one away .>( i .e one 
s l . * , • * " ' 

f ract i onal" part away from 2) ... one thing away from some- 

thing ... I thought 'It was small pieces (i^e. the eights are 

.smal 1 p i eces) • 

In trfe 'next episode Mack exhibits .considerable knowledge 
about the number line structure and of fraction order, ,The task 
is (7, 7 1/3, 7 1/2, 2 7 5/7, 8). . * 

MACK: [Measures the line with h i s, f i nger s-3 Holy smokes! For t'he 

X 

top one (i.e. the balloon at 7 5/7>,it'd be. seven and five- 



sevenths ."..[measures Une'between 7 5/7 and 7 4/73 . That's 

got to be one-seventh so go up [measures number ,line from 

the. bottom], feeven and three-sevenths [points to the' bal - 

loon, at 7 1/33 seven and three-s.evenths ... (shot misses) 

* • At least that gets me somewhere. 

« 

That Mack is usJng the fact that the balloon at 7 1/2 is brac- 
keted by shots marked at 7 3/7 and 7 4/7 is evidenced by his 
shot <7 1/2, 7 1/2) which is midway between 7 3/7' and 7 4/7. It 
might be possible to infer that Mike is thinking of one-half as ! 
three and bne-half-sevenths, or is thinking about 3/7 and 4/7 as 
4/14 and 8/14, respectively and then >chtfoses .1/2^5 7/14. . 

Subjects' overall performance on the DARTS task is compiled 



in Table 2. 
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.Table 2. 


Overal 1 performance on 


the DARTS task 


Subject 


. , Shots/screen * 


Average/screen 


. KRISTY 


* 


3r 3) 


3 * 


> 

BERT 






• • 4.7 . . . 


JEANNIE. 

<* > 


(4 . 


3> .7) 


4.7 . > 


andy 


<5, 


/ # 

4, '6) ' . 


• 5 . • 


, brett - 




. / 


5; 3 


• r i chard 


1 


f, in 




tr i c i a 


?' <?, 


4, 5> r * 




j oan * • 


1 . " :; <8, 
* 




« 

6.3 


* TED* 


, <4, 


9, 6) 










■ V . . . ^* , 


MACK 


' ' . < 7 ' 


7, 6) 


• 6 • 7 










er i ca * 


.. (11 


, 9, 5) 


8.3* 


«. margret 


' . • . C3, 


• • • 
.4, 8) 


8.4 


JEREMY 


<?, 


13, 6) 


: • , 9.3' 


JESSIE 


"(18 


, 12,. — > 


■ 11 


-till - 




15,' ?)• . ' 


11 . . 








V 


TERRI 


< 11 




1*3. 5 


• 







I -9 



h i 9h : 
midbl e: 

l.-ow : 



DEKALB average 

mi nneappl fs av . 

average/screen X 5 . 
average/screen X 9 
average/streen > 9 



7,4 
7.0 
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3.3 fijcaxrlaujels ±*sk 

The key idea in ambody i ng rat i onal numbers in gray levels 
N wiU be descr i bed br i ef 1 y using the rational number 1/2 as an 
example. One-half is the property common to an equ'i val ence. class 
of fractions; C 1/23 ■ U/2, 2/4,, 3/6, , 4/S, 5/18, ...X. The 
property common to th' fractions in this class is that for each 
the comparison of numerator to denominator is reflected jn the 
ratio 1 i2. In .the "common p*rt-whole embodiment the interpretation 
is Jha.t "half" of the. toJral , number of parts into which a un i t is 



partitioned are shaded; see Figure 4a, 

> 9 



r 




■ 



i 



2 



2 
4 



4 



Fi gu^e 4a 
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Continued' to "the extreme, this way of embodying 1/2 would still 
. require that an agreed-t^pon unit is shown, "half* 1 of which is* 
shaded; see Figure 4b. % 





Figure 4b 



The numerator/denominator comparison of the fractions in the 
, class El/23 is also reflected in the following way of shading 
half of the total number of parts into which a unit is parti- 



tioned; see Figure 5a« 



27 



MiBfcttMMM 



PAGE 26 4 ■ Children's quantitative notion 




Figure 5a 



* 0 

Continued to the extreme, this way of embodying 1/2 would lead . 

to a shading as shown in Figure 5b, that is, an average gray 

shading. „ - » 




i' 

Figure 5b 



This makes the perception of the embodiment for 1/2 somewhat 
independent of the reference to. an actual fize of a unit (much in 
the same way as the rational number 1/2 is independent from a 
unit)' since 1/2 is embodied in anx &ub£&c±±xm of ~ the unit, 
namely, in the darkness of the shading. 

The gray-level s task was presented to the subjects in the 
context of the following (ficticious) si'tuation:\ Black ink and- 
water are mixed together to make lighter ink in a .way printers 
might do it for their pr i nt i ng mach i nes. Then mixtures where 1 
of 2 part* is black ink, or 2 of 4 part*, 'or 3 of ^ parts, etc., 
would be equivalent in -the sense that in each case the resulting 
gray level is the same (no matter how much liquid is produced, 
i.e. which unit Is chosen). Consequently,, m i x tures where J for 
example, 2 of 5 parts, or 4 of 18 parts, etc., is b1ack*ink would 
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* . ?~»- 

yield a' bray color less than' "half dark." A pilot assessment 

o 

! * ' - * 

(during Assessment V.L> » ensured that subjects understood thi s- 
manner^ ofjembodying a rational number. Upon this, it was decided 
to use gray levels to assess the quantitative not i on of rational 

i 

numbers <in the range from ,8 — clear — through 1 — totally black). 

Even though the taslowas presented to the subjects embedded" 
in a situation they were able to grasp (and the gray scale was 

4 * * • 

prepared with considerable care to .show perceptually distinguish- 
able st-ajges), limitations of hurian v i sual * percep t i on and 'imagi- 
nation restrict the association of a rational number fc wLth a^ 
unique gray level. Were this not the case, subjects would be 
able to associate the fractions 2/5, 4/19, and 6/15, for exam- 
pie, <with a single gray level without symbolic-level realization 
that these are equivalent fractions. Since visual percep t i on and 
imagination is probably not sufficiently sensitive in this situa- 
tion, subjects' solutions would necessarily draw ,upon their indi- 
vidual knowledge aboQt the .fractions. That Is, totraus* the 
rati os .of brack ink to. total 1 i ou.i d are equivalent in 2/5, 4/19, 
and '6/15, these fractions wouLd have to be associated wi.th* the 
same gray level. . 

The question of whirh gray level is the appropriate one' for 
each of the 12 fractions in the task would involve subjects' 
knowledge of the (order and equivalence) relationships betwe.en 
the fractions. In. associating the fraction cards to the .gray 
scale, subjects could use the fact that the left border 4 of the 
scale was white ("no ink, c'lear water") and the right border was 
black ("all ink f no water"), and the center gray level "half 
black" <"haW ink, half water"). 
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We now present results of the DeKalb and Minneapol is ,inter- 
v i ei>T^sufcM*cts' performance on 1 the. gray-1 evel s task. A" rough 
M perf orpance^ndex^of subjects 7 placement of . the cards alopg the 
gray-letal scale i.s^-ompl 1 ecL i n Table 3.. Shown is the average 
percent deviation, d, of each subjec ^<s^pj acemer. t of the cards* * 

d 1/12 2^ Jcorrect location card i r subject's location card M 

- T . • - ' . 

Also showi^ is the maximal percent deviation, dmax, by which each 

subject/ s pi ac erne nt of cards, dev i ates from the correct locations: 

- ' \ ' 

dmax = max Icorrect location card i - subject'.? location card ii 

\ 

i * 

The performance index as shown in Table 3 reflects subjects' 

\ 

ability to \ associate a quan t i tat i ve value with the fractions 

I \ -. . ' . - 

invoTved, but it. does not convey the causal relationship between 



un 



subjects' 

ships among. tl\e fractions and their size perception of the corre- 



^erstanding of the order and equivalence relation- 

\ ' ' ' 

sponding rational numbers*. For example, one subject recognized^ 

the equivalepie of 2/5 and 4/JT0 but mispl'ace'd the pair: by 
\ > • ' * 

10 V. : another subject did not recognize this equivalence and 

misplaced bnlyl 4/19 by 10 9. wh i le* pi ac ing 2/5 correctly. • 

Recogni t i onl of equivalences certainly is an important var[a- 

bl* in thisitask. Four distinct equivalences were involved: 2/4 



and 4/8, 
6/9. Not 



2/5 and 4/16, 6/15 and 2/5 <or 4/19), and 4/6 and 

always did recognition of an equivalence result in a 
# \ , 
subject's placement lof the corresponding cards at the same gray 



1 evel as wi 1 
tions whichlwere 
subjects are \shown 



1 be documented below. The sets of equivalent frae~ 
attached at the same gray levels by individual 
in Table A. 
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Table 3. Overall performance on the gray-levels task 

Average and maximal deviation in card* pi acement 



Sub j e t c t 




□ 




dm ax - 


o 

KRISTY 




" 2.1 




10 


BERT 

« 




3.3 




10 


erica ^ 




4.2 




10 


till 




5.8 




20 


joan 


■ 


6.3 




30 


r i chard 




7.1 




25 


'brett 




8.3 






JEANNIE 




10.0 




30 


andy 




12.1 




30 


tr i c ia 




13.5 




35 


JESSXE.--^ 




, 2 


K 


OA 


margre t 




16.7 


f w 


•JEREMY 




19.2 




70 


TED 




22.5 ' 




70 • 


TERRI 




23.3 




70 


MACK 




2?. 6 




90 


DEKALB average 


15.5 






minneapol i s 


av . 


9.3 






h i gh : 
mi ddl e : 
1 ow: 


averaged less 
averaged less 
averaged more 


than 
than 

than 


19% off 
20% off 
28% off 
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Jable 4. Placement of equivalent fractions at 'the same gray level 
by : ndi v i dual subjec ts • 



Subject 2/4 6c 4/8 2/5 6c 4/19 4/6 6c 6/9 6/15 & 2/5 or 4/10. 



KRI3TY 

> 

JESSIE 
er i ca 
r i chard 
brett 



BERT 
ti.l 1 
joan 
JEANNIE 
andy 
margre t 
TED 
tr,i c i a 
.JEREMY 
TERRI 
MACK 



+ 
+ 
+ 
+ 
+ 



+ 
+ 
+ 



+ 
+ 



+ 
+ 



« + 



+ 
+ 



high: recognized 2 or more equivalences 
middles recognized equ i val ence of 2/4 and 4/8 
low: recognized no equivalence 
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Further- dl ar i f i cat i on about subjects' thinK^ng is provided 
in short descriptions of some subjects' behavior while' performing 

v C 

the task; thj s is complemented with dialogue to exemplify some of 
the conceptions and misconceptions elicited (the full present*- 
tion of results. Js deferred to a forthcoming paper). The presen- 
tation follows the organization of Table 3 in groups, of high, 
middle, and. low performers. 

The highest subject, Kristy, showed superior performance 
both in recognizing equivalences of fractions and placing them at 
the correct level of darkn'ess on the scale. The only fraction 
she 'did not associate with its equivalents was 6/15 which she 
placed only 5 V. off (left) of 2/5 and 4/10 which she had placed 
correctly at 48 % . Besides coordinating her knowledge about 
fraction equ t v al ence w i th the placement of fraction c.ards at 
appropriate gray levels, Kristy also made strong use. of the 
length embodiment for fractions that was implicitly present in 
the gray level scale by assoc i at i ng lengths with the position of 
gray levels. This is demonstrated in her explanation of why 6/9 

should be between 66 % and 70 V. : She first observed that 6/9 

* « *. * * • « . • 

is efqual to "2/3, tfren'said "you can't d i v i.de < i t < the* scale) in to 
thirds," but then she observed the following partitioning 
(conjectured from her behavior and comments): Consider 0 Y, - 80 % 
(i.e., the corresponding positions at the scale); <S9 V. would 
be at about the 2/3 point, however, adding on the 99 X and 

180 X levels makes* the scale larger to the right so the location 

♦ 

of 2/3 would move to the right as well. Further, Kri*|ty's 
discrimination for fraction size was so exact that she even i put 
2/7 slightly left of 6/29. 

33 
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% 

* *? 
Although Bert's overall performance on the grayH eve T s task 

was nearly as high as Kristy's, a striking difference was obser- 
ved. Kristy coordinated her knowledge about fraction equivalent 
ces with a'good perception about the l ocation of < 1 owest-term! ) 
fractions on the scale,; on the other hand, Bert's behavior sug- 
gests that he possesses both of these relevant knowledge struc-" 
tures, but the connections to be made are latent in his performs 
ance on the task. This is further commented on'in the following 
anecdote . 

BERT; CEarly-on, sorts the cards and puts 2/4 and 4/8 

together on table..] 
INTERVIEWER: You put two-fourths and four-eighths together?^ 
£ERT: [picks them up] They're equal. 

INTERVIEWER: I see... (flould you put them on the same card <i-.e. 
qray-1 eve 1 )? 

» 

BERT: Yeah... [now puts 6/9 together with A/61 These two are 
equal ... ' 4 

"OLal-iS*- JitJLoMu-Bei*.t star ts-pu.t t-i ng-c;ards~arf t'he^gFay "seal e , he 
makes some observations about the fractions and only then starts 
putting them, one-by-one, at the gray scale. In so doing, he 
first puts 4/6 at the 68 V. level then and 6/9 at the 78 V. 
level. Similarly, he puts 2/5, at 48 '/., 4/18 at 45%, and 
6/15 at 35/. . That, is, with respect to placement on the gray- 
level scale, Bert rates these (equivalent) fractions as very 
close in size but has lost sight of their equivalence. 

*' * 

i 

INTERVIEWER: Ea-fter the whole tasfc has been completed] You out 

■ 1 ■■ ■:■ ■ .Mj j i ^^W^-^-^j^M^MMMMII 



PAGE 33 Children's quantitative notion 

9 " * % 



9 
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six-n inths/ ri ght of four-sixths, why did you dp that? 
BERT: Because four-ninths and. a half (ninths) would be hal-f a 
un i t . . . 

Bert apparently talks about 4 1/2-ninths wh i ch exp 1 ai ns why he 
placed 6/9 right of, but still not far away from, the "half- 
dark" position; this k iTid of flexible an v d fine-tuned thinking 
Bert also displayed in his explanations for, his placement, of 
other cards. 

r . / 

INTERVIEWER: ... Before, you' men t i o/Yed that they are equal ... 

four-sixths and six-ninths ... 

BERT: Oh yeah, t|>ey are! [picks up 6/9 and 4/63 I think 

they'd *be right there [puts both cards on 48 V.W - ' 

It may be of interest noting here that Bert did a very similar 
thing in a parallel version of°this task that involved ratio 
cards <to be reported in a different context in Waclismuth j>± ai., 
1?83>; there he also placed 2:3, 4:6, and 6:9 at different but 
--ad-jiacen't ng7 i $^l"eveTsii 

This phenomenon of a, good seivse of fraction size ±ndM$*nd&n± . 
of recognition of equivalences is displayed in similar ways in 
most of the other *high H subjects' (Tabfe 3) performance on the 
gray-levels task: Except -for Brett (and of course Kristy), they 

! . 

all placed 4/6 and 6/9 at different but adjacent gray levels 
close to the correct position. 

From Till, t * lower subject in_the group of high performers 
<Table 3)/ we see indication that during exposure to the experi- 
mental instruction he developed at least a rough feeling for* the 

35 ' „ ; . .. . . 



PA6E 34 Children's quantitative notion 

size of a fraction; about 12/45, 6/9, and 4/6 which he 
pfaced at the 88 (4/^> and 70 percent levels he remarks: 

TILL: Because that looked like three-fourths, and that looked 
like, three-fourths, and that looked Hke three-fourths Cin 
pointrng to the 12/15, 6/9, and 4/6 cards]. ~ 

INTERVIEWER: And three-fourths to you is what? 

TIliL: Like four-sixths and six-ninths and twelve-fifteenths. 

i 

p ♦ 

The subjects in the middle group (Table 3) are characterized 
by generally lower performance in positioning the fraction cards 
at appropriate gray levels on the one hand, and on the other by 

\ 

mak,ing mistakes in ordering the fractions.. In many cases the 
"more familiar" fractions like 4/8 and 1/5 were placed 
correctly, while the less familiar ones could be placed 
incorrectly. For example, all three lower middle subjects (Table 
1) placed 6/15 left of 6/20." 

Lo^p.arJLLcalar^ the- 1 owes.t-mi ddl e subject , " Jeremy, Tn several' 

cases arranged fraction paif\s in "the wrong order within the 
string of all twelve .fractions^ for example, his arrangement 
reflected that 4/6 should be less\han 4/8. When Jeremy was( 

asked which % of the two fractions is less, he answered that 4/8 

4 



is less, that is, fcnaui it M i n some senses." But as can be seen 
from the following anecdote, Jeremy had to\be prompted to the 

Y 

insight that in this case 4/8 should go with a Jighter gray 
level than 4/6; his "in-some-sense" knowing was inconnected 
with, and did not apply to, the task situation. 
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* 



INTERVIEWER: Now, Jeremy, * what about four-sixths and four- 

eighths [Jeremy - starts to move- the cards! no, don't move 

'.'!*• '' ' ' . 

them*.;. Tell me why you put 4/8 "here [points to 68%]. 

JEREMY: ijdon't know. • 

INTERVIEWER j Tell me why you put 4/4 > here [points ^to 4/4 at 

JEREMY: [shrugs shoulders}. " • 
INTERVIEWER: ... If we 1 ook' at four-si r xths and four-eighths, 

* 

which! one is less? 

* i« * 

JEREMY: [squirming] Four-eigths. 

INTERVIEWER: Now' let's see, i t's four-sixths over here [points 

r to i t at 38 'Al and .f our-e,1 ghths over there [points jto 4/8 

at 69 which one is less? * 
JEREMY: [points to 4/83 ; 

INTERVIEWER: Now A 4 we put a fraction with a lighter one, d f oes 

it, take a a smaller fraction or a larger one? . . 

JEREMY t Smal ler ., * - ■ % ■ 

• - - — ** 

INTERVIEWER: OK, so in what order should four-sixths and four- 
eighths go? , v t} , 

JEREMY: Umm; . . that'! [switches' 4/6 and 4/8, i.e. -4/8 to 39 V. 
and 4/6 to 69 Y,1 . / 

INTERVIEWER: I see, why? 

* - 

JEREMY: Because fourths [pointing to 4/8 and to 8 V. level], 

and four-sixths is more [points to 4/6 and then to 190 % 

* ^ » 

level at end, i .el. to suggest the direction for greater]. 



The behavior of <nll. three subjects in the low group (Table 

3) is characterized by their treating the fractions as , ordered 

i 1 • *' ' • \ 
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* 

pairs and putting them in a strict 11 lexical" order by increasing 

numerators/denominators, Ted and Terr r ordered like 9/28, 1/5, 

• ■ * « 

2/4, 2/5, .2/7, 4/6, 4/i>0, etc., wh hi e Mack used the denominators 
as -First and the numerators as the second, order criterion. All 
three- subjects- in general put one fraction card at. each' gray 
level a(nd dealt separate 1 y wi th the left-over card <there wer* 

u 

-twelve cards for eleven gray levels). Terrj just added on (posr 

tutated) a twelfth gray level right of 188 Y. . Mack squeezed in 

-one fraction between two gray levels (as was permitted). Ted, 

when realizing that "there's going to be one 1e-f_fc" attempted to 



9 
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deal wrth that s LtJLiaJt-U)n-4ft'-se r v^T^^ and finally decided to 

put 4/8 together with 2/4 (on 28 X). 

" Mack early-on had grouped 2/4 and 4/8 together at about 
68 y. but indicated that he did not understand what is meant by 

getting the fraction cards in order. In the followrup discussion 

( 

he demonstrated better understanding f&r th* fraction size than 
is documented in his lexical ordering, for example^, ~ he grouped 
2/4 with 4/8 at 58 '/., put 8/28 on 8 V. and 4/19 on 49 % 
"because - it's a little bj t ; 1 ess « than a half." . that is, the low 

overall performance recorded for Mack presumably, reflects his 

< 

misunderstanding of the task. .more than misconceptions in fraction 

, Terri's performance prdbablymore adequately reflects the 

i nconsi stfrnc i es an'd mi sconcept ions i n her knpwl edge about 
fraction order and equivalence. There seemed to be' two 
conflicting "frames' 4 that were relevant for her judgment about* 
particular fractions as is supported by the following ^anecdote. 
From earlier observations Terri was known to consider two frac- 
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tfons as equivalent if" Cand only if> they had the same denbmina- 
tor. ~In the present task, she attached 6/15 arid 12/15 at: 

e 

differ\ervt gray level'* (90 V. ahd right of 190. 7.) • * Al though her* 
lexical ordering of the fractions raised doubts over whether she 

understood the connection between fractions and gray levels at 

* 

all she seemed to understand* someth i ng, for about her placing of 

- . \ * * 

*&/20 oh the white (0 %> level she explains: 

TERRI: Because there' d be no black ink, no black ink so it would 



~fcre c"j ear toater • 



/, Later, Terr i- is asked what she thinks about the two fractions 
. 6/15 and 12/15. " 

TERRI: They're equal, likf [laughs]. f 
INTERVIEWER: qK, but you put them in different positions, 
though, why did you do that? 

TERRI: Because! That's the way I thought I, should* do it! [moves 

- *. ' . i 

and messes up chart], 1 * 

• • • • * * * 

' INTERVIEWER: I would sti,ll like to know— you say six-f if teenths 

and twelve—fifteenths are equal? 

i 

TERRI : Right. 

INTERVIEWER] But you put them on different part*... 

TERRI j 'Cause six comes, be-fore twelve so I thought that's the 

way you do i t . . . . « 
.INTERVIEWER: OK, did you think in terms of darkness when you did 
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that? 

* 

TERRI : ' Yeah , sorta 1 i k'e . . . 
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INTERVIEWER: Which woyld tfe darker? S.^g-f i f teen ths or twelOe- 
fifteenths? 

TERRI: Twelve-fifteenths. 

•» ° " * ' 

INTERVIEWER: OK, 'and which -fract i on woul d be bigger? * * A ' 

TERRI: Twelve-fifteenths. ( 

INTERVIEWER: And, if I ask you. six-fifteenths, twlv*- 

• f i f teenths, . art they e^ual or is one -1e£s? 
TERRI: It^s less. 



INTERVIEWER: Which one is less? 

TERRI: Six. ... urn. •.' fifteenths. ■ 
INTERVIEWER: And why did you say it's less? 

TERRI: 'Cause it... oh! [puts head in hand and siCjhs3 iNo, 
they're equal. Because they ha^e the samt^ denominator. 

4. RESULTS* OF AGR0SS-TASl4 OBSERV.^TI0NS 

At this time an initial look at the data shotos ttf* .follow* 
ing: There exist subjects that vJere consistently successful with 
all three, tasks (e.g., Kri.sty aVd Bert). Secondly* there exist 
subjects that were consistently unsuccessful with all* three 
tasks (e.g., Terri). Finally, there , exist subjects that exhibited 
high performance on one task, and middle or low performance on 
the others (e.g., Jeannie and Richard). In Table 5 is shown the 
ranking of all subjects in groups of high, middle, and *Tow 
performers for each task as obtained from Tables 1, 2, an.cl 3f the 
original rank orders within each group were kept. 
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Table 5. Comparison of high, middle, and low performers by 
specific tasks (compiled from Tables 1, 2 % and 3). 



I 

average perf. Est imate-the-sum 



DARTS 



Gray ,1 eve I * 





BERT 

* 


KRISTY 


KRISTY 

r\r> Awl i 




j oan 


BERT * 


BERT ■ 


* 

hi gh 

u- 

\ 


b^ett 

andy 

KRISTY 


JEANNIE 
* an^Jy 


er i ca 

till, 
~ joan 








r i chard 








/brett 




JESSIE 


brett * * 


' JEANNIE 


* 


i»r i r a 


r i rh apH * 

1 1 w 1 1 till U 


/ ihH V 

/ AMU/ 


*> 

- 




t r i c i a / 


. i . 

tr i c i a 


x m i ddl e 

> 


fw> JkfN Af%A ^ 

mar grr v 

• 


* joan j 
TED / 

/ 

. MAPI/ / 

PlfllK j 


TCCC T C 

margret 






er i ca / 


- 








m 


T.^R&I 


/ . JEREMY 


TED 


4 


MACK, 


JESSIE 


TERR! 


>> 

3 


TED ••• 


t i.i V ■ 


Hack 


1 ow t 


r i chard 


TERR I 

' 1 




K 


Jkricia 




/ 


JEANNIE 


f 

1 




1 ** 


tin 







Umm 
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5. CONCLUSIONS 

■ 0 

The quantitative notion of rational number is a concept ttoafc, 

% . / 

is too general to be asse'ssed by a single type of task. ( Thie fact 
that subjects d^re identified in the study t!hat showed inconsis- 
tent success across the variety of task situations involving the 
number concept of fraction graphically supports that. Only for 
subjects who exhibited h j.gh performance on all three tasks that 
where utilPzed, could one assume that ageneral, flexible concep- 
tion o.f number size has been developed which can be exp.ected to 
apply to an ever)' broader set of situations involving rational 
numbers. ' ' 9 

• From the observatidns made in this early evaluation stage of 
the present stud£ it appears that three knowledge structures are 
essenti-al for the devel opment o-f a quantitative understanding of 
rational number: Estimation, fraction equivalence, and rational- 
number order. -It appears that these three knowledge structures 
develop somewhat i ndependent 1 y' but need to be coordinated fo^ 
success with rational number situations. Levels oi deve 1 opment 
seem to^ exist including, for example, the latency of access of 
re ) evan t knowledge i n^Jan appl i dat i onal situation. 

Further substantiation of these f i.rst cone 1 usi ons will be 
prov i ded upon full eval uat i on of the data that were acqu i red and 
be presented in a forthcoming paper. 



/ 
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